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We give a simple quantum mechanical formulation of the eikonal propagation approximation, which has
been heavily used in recent years in problems involving hadronic interactions at high energy. This provides a
unified framework for several approaches existing in the literature. We illustrate this scheme by calculating the
total, elastic, inelastic and diffractive DIS cross sections, as well as gluon production in high energy hadronic
collisions. From theqag component of the DIS cross sections, we straightforwardly derivexi@wolution
equations for inelastic and diffractive DIS distribution functions. In all calculations, we provide all onder 1/
corrections to the results existing in the literature.
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[. INTRODUCTION between the projectile partons and the target fields is as-

sumed to be eikonal: that is the projectile partons propagate

In recent years a lot of work has been done aimed athrough the target without changing their transverse position

understanding the physics of hadronic interactions in a denssut picking up an eikonal phase. As a result of the phase

(nucleay environment. The questions addressed in this condifferences accumulated by the partons, the initial wave
text range from deep inelastic scatteri(@IS) at low x to  function decoheres and a different hadronic final state is pro-
high energy scattering on nuclear targets to heavy ion colligyced. The target in this picture is described by an ensemble

sions. Experimental motivations come from the lavdata  of gluon field configurations, and the averaging over this
measured at the DESY collider and the Fermilab Tevatronnsemple determines the cross section for various processes.

antlj, of course, heavy ion lﬁgllision expergnents at the BNL  gjyonal physics underlies recent approaches towards cal-
Relativistic Heavy lon CollidefRHIC) and CERN Large ., ating the produced particle multiplicities in high energy

Hadron Collider(LHC). An additional theoretical motivation hadron-nucleu$s] and nucleus-nucledg 6] collisions. It is

is that the dense partonic environment provides a link be- "~ ." . , L .
tween straight perltaurbative QCD of factgrization theoremsapplled in the calculations of radlatlye Jet energy loss in hot
and Dokshitzer-Gribov-Lipatov-Altarelli-ParisiDGLAP) anglgolinuclte_arlm?tt?ﬁ] _35(;/yell asin ma_?ﬁ/ studies of Il(.)v.\é
evolution, and the still poorly understood soft QCD physics X P!> A particuiarly lucid discussion with many explici

The main idea is that high partonic density might provide arclculations is given by Buchitler et al. [3]. Moreover, as

effective infrared cutoff, so that the genuine infrared stronglydiscussed in Ref.17], eikonal propagation is closely linked
interacting region becomes relatively unimportant. The con{C the lowx evolution of Refs[7,8]. On the other hand, the
tribution of the infrared region to various observables whicheikonal approach has been criticized ir1], since it does not
are not infrared safe in the usual perturbative sense, then magke properly into account production of diffractive interme-
be suppressed by powers &f ., where A is the infrared diate states, which should be equally important at high en-
scale andu is the scale roughly measuring the strength of theergy [18]. One of the main motivations for our work is in-
gluon fields in the dense partonic systemecgA. If u is  deed to set up a simple framework of eikonal propagation
large enough, the coupling constant governing important inwhich can be extended to include diffractive production.
teractions is small, and many non-infrared safe quantitie¥Vhile the present paper does not include diffractive produc-
may become in principle calculable. Although we are still fartion, we view it as a step towards this g¢aB].
from the quantitative understanding of this interesting re- This paper is organized as follows: In Sec. Il we give an
gime, progress is being continuously made in different apexplicit quantum mechanical description of the eikonal evo-
proacheg1-15|. lution and show how to calculate various cross sections from
In this paper our aim is to give a simple physical descrip-the knowledge of the outgoing wave function of the projec-
tion and provide a transparent calculational framework tdile that has undergone eikonal scattering. We explain how to
what one may call eikonal propagation approach. The eikoperform averages over the gluon fields of the target. It turns
nal picture views a high energy hadronic reaction as a proeut that the correct averaging procedure amounts to averag-
jectile, consisting of dusually small number of partons im- ing on the amplitude level for the elastic and inelastic cross
pinging on a large target. The target could be either a nucleusection, but on the cross section level for the diffractive one.
in its rest frame or a high energy hadron which has already As a first illustration of our calculational scheme, we de-
developed many partons in its wave function. The interactioniive in Sec. lll the gluon radiation in a hadron-nucleus scat-
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tering. This calculation reproduces the results of R&ffor
q_A andqa_A Systems_ q’out:win:{%i} ¢({ai ’Xi})l_i[ W(Xi)aiBiHBi ’Xi}>'

In Sec. IV, we discuss deeply inelastic scattering on a (2.2
large target. Our calculations are consistent with the results
of Buchmiler et al. [3] and provide the N corrections to HereS is the S matrix, and theW’s are Wilson lines:
them. The most interesting quantity here is the diffractive
cross section. We explf'iin why phys_icglly t_he\I]dorrections W(xi)=73exp[ i f dz_T2A; (x;,2_) 2.3
in this case are precisely what distinguishes between the
elastic cross section calculated[®,20] and the diffractive,

or large rapidity gap cross section that we calculate here. . . . .

: . . — U(N) in a representation corresponding to a given parton.
calculite the diffractive cross section due todjggas well as Thus the relative phases between components of the wave
to theqqg component of the virtual photon. function change, and the state that emerges after the target is

In Sec. V we consider the lowevolution in DIS. For the  no longer an eigenstate of the strong interaction Hamiltonian
total photoabsorption cross section our results immediatelyas the incoming state is assumed t9 bet rather a super-
yield the operator form of the low evolution equation of position thereof.

Ref. [7]. We derive 1N corrections to Kovchegov's version — Given this explicit law for the evolution of the projectile

of this equation and show that these corrections express thgave function, one can calculate various observables related
fact that the fundamental dipoles do not propagate througky the scattering process. For example, up to the factor of
the target independently beyond the leading orderfh We  total flux, the inelastic cross section is proportional to the
also derive an analogous evolution equation for the diffracprobability that the outgoing state is different from the in-

tive cross section generalizing the results of R21]. Here  coming one. This probability is given by the norm
we again obtain the operator form of the evolution, which is

a new result. We show that in the lartydimit this equation PPoI=]6W|?, (2.9

reduces to that of Ref20] and we derive all-order W cor-

rections to this equation within our model for the averagingWhere

over the target fields. We point out that both the leading and _ _

all-order 1N evolution is not an independent equation. Once |oW)=[1— Wi (Winl 1| W ou)) = | ¥ oup =S| Win), (2.5)

the evolution of the total cross section is determined, theyngs s the Smatrix element, or overlap

diffractive cross section is obtained by direct integration of

the known function of rapidity. s=(Vin| V- (2.6
Finally in Sec. VI we summarize our results.

ith A* the gauge field in the target aid the generator of

Thus
II. QUANTUM MECHANICS OF EIKONAL PROPAGATION pPFOJ'_ 1— |<‘I’in|‘1’out>|2- 2.7

inel —

he probabilityPRJf for a given configuration of the target
lelds of course depends on the impact parameter, that is the
position of the projectile in the transverse plain. To get the
cross section one simply integrates the probability over the
impact parameter

large nuclear target. The projectile is characterized by a wav
function, in which the relevant degrees of freedom are th
transverse positions and color states of the partons,

Consider an energetic hadronic projectile impinging on }

‘I'm={aZx_} p{ei X ai X)), 2.1

oProl= J d?bPP'(b). (2.9

The color indexa; can belong to the fundamental, antifun- - _
damental or adjoint representation of the cc&(N) group, Note that the probabilityP},j as defined above does not

corresponding to quark, antiquark or gluon in the wave funcinclude processes for which the projectile remains intact but
tion. In what follows we will consider wave functions with a th€ target is excited or breaks into fragments that stay close
small number of partons. to the original rapidity. By its very definitionP}g is the
probability that theprojectile scatters inelastically. We refer
to it as aprojectile biased observablend we denote it by a
superscript “proj”. The formulation which removes this bias
At high energy the propagation time through the target iswill be given in Sec. Il C.
short, and thus partons propagate independently of each More generally, the incoming state may have internal de-
other. For the same reason the transverse positions of tlggees of freedom which we collectively denote fy This
partons do not change during the propagation. The only efean be spin ofperturbatively global color. In that case the
fect of the propagation is that the wave function of eachinelastic probability is the probability that the outcoming
parton acquires an eikonal phase due to the interaction withtate is perpendicular to any one of the stabggy). Tech-
the glue field of the target. Thus the projectile emerges fromically this means that¥ is defined by subtracting from
the interaction region with the wave function Wt its projection onto a subspace spannecby

A. Projectile biased observables
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and
|6W) = 1—; Vi IHT (D[ Powd. (2.9

o= [ ab(ovelova)
For orthonormal state¥;,(y) the operator

= | d?b|1—(W (b)) Win(b))]% 2.1

Py=1-2 [Wi(»N¥in(7)| (2.10 f L (ol DNIRODE (219
! Another interesting quantity is the diffractive cross sec-

is the projector on the subspace orthogonal to the possiblgon. This includes all elastic and inelastic processes for

initial states of the projectile hadron. which the outgoing state is different from the incoming one

One can also calculate other, less inclusive observableand is in a color singlet:
For example the number of gluons with momentirpro-
duced in the scattering event is given by | W gitt) = Psingied W oup — | Win) (2.16

Norod K) = (8%|a’(K)a(k)| 5W). (211 2and

In principle, the calculation of any observable in an inelastic gdiﬁ:f d?D( Psinglet¥ out D) = in(D)| Peinglet out( )
process has to allow for the evolution of the state after the

interaction to the time when the measurement is performed, — ¥, (b)). (2.17
that ist=c. Thus the relevant observable should be calcu-

lated not in the statgsW'), but rather inU(0,%)|5¥), where ~ The operatofP is the projection operator on the color singlet
U(0,») is the free evolution operator from the time zero states.

(immediately after the interactiomo infinity. Being a unitary

operator, it cancels against its conjugate in the calculation of B. Target averages

the cross section, E@2.4), but it affects some less inclusive The onlv proberty of the aluon field in the taraet assumed
observables, such as the number of produced gl@iid). in the recigin pdis)::ussion%s that it does not vgr during the
In the quantities we calculate in this paper its contribution is P 9 y 9

always a perturbative correction of higher order than the aclime of the interaction. This is justified since the time of the

curacy to which we are working, and we do not consicer thisf BRSO 51 BERETE BOREE RAL TR S 8
type of correction. As will become apparent from our calcu- 9

lations in the later sections, this does not mean that we nz\/_ary. The target is, however, characterized by a wave func-

glect contributions which in the Feynman diagram languag ion which has a spread in field space. The relative phases of

correspond to “emission after interaction”. Those in the Q|fferent components of this wave function are not relevant

present framework arise from the “overlap” contributions in the eikonal approximation, but the probability distribution
proportional to the overlap of Egs. (2.5),(2.6) ' for different field strengths is relevant indeed. In other

In contrast to the inelastic cross section, the total Crosgvords, while each scattering event happens on a frozen field

section includes the probability for an elastic process, fopccg:f’e'no\?g??r:etc;ieclglzﬂggzg}g \miﬁ feecrttlaosr:enczgethre]avsvat\?e
which the outcoming state is the same as the incoming on 9 P

up to a phase shift. In this case, one includes in the calcula—uncnor.] of the target. .
tion all components of the outgoing wave function which In this paper we adopt the same e'ﬁsemb'e averaging pro-
differ from the incoming one cedure as in Refd2,22,5. The target is pictured as an as-
' sembly of sources of the color field extended in both the
16 o) = Vo) — | Pin), (2.12 longitudinal and transverse directions. The sources are inde-
pendent of each other and thus completely decorrelated. The
longitudinal and transverse coordinates of the sources are
randomly distributed within the target’s longitudinal and
transverse extent. The field emitted by each source is small,
Utot:f d?b(W o b) = Win(0)| ¥ o b) — Win(b)) and to leading order in the field strength, the projectile can
exchange only one or two gluons with each one of the
5 sources. Pictorially, the average of, say a product of two
Zf d*b[2— (W o)) | Win(D)) = (Win(D))| ¥ o b))]. Wilson loops can be represented as in Fig. 1.
Put into formulas, this means that the target average of the
(2.13 two-point function of the vector potenti@l®, which enters

The elastic cross section measures the probability of 5” our calculations through Eqe2.2), (2.3) is
process in which the product of the collision is in the same ((a+a(x x")A*P(y,y7)))=65(x —y )B(X,Y,X ).
state as the initial one but with a nontrivial phase shift. This (2.189
is defined through

and

All final results will depend on one patrticular linear combi-
|6V o) =[{Pinl ¥ ou) — 11| W) (2.14  nation of these averages:
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and thus choosingy=0, Eq.(2.18 with Eq. (2.22) follows

<<_>> = z g} § % for isotropic distribution ofE; . [It is in fact not essential to

choosexy=0, since the dependence on the base pgjmtill
drop out from all physical quantities. All physical observ-
ables, as we shall see, depend only on the difference
FIG. 1. The target average of the product of two Wilson lines,A™ (X) =A™ (y) of the vector potential§In this leading loga-
denoted by thick lines. The field&™ in W's are distributed with  rithmic approximation, the dipole scattering amplitude of Eqg.
Gaussian weights local in the longitudinal coordinate according td2.20) is

Eq. (2.18.

N2
1 < <5Tr[wFT<x)WF<y>]> > - exr{ - %Qi},
v(x,y)=f dX‘E[B(x,x,X‘)JrB(y,y,X‘)—ZB(x,y,X‘)]- N

(2.2
(2.19
. . . . . with the saturation momentum
For simplicity of notation we will sometimes consider the
field ensemble to be translationally invariant in the trans-
verse plain within some radiug, and will take all fields to 2_4c f dx~ u2(x~ 29
vanish outside this radius. In this approximationgdepends Qs F wAX). (2.26

only on the difference of its coordinates.

With this averaging procedure, the target averages can be Thus, to reiterate, the procedure of calculating any ob-
explicitly calculated. This is done for a variety of observ- servable in the eikonal approximation is the following. For a
ables in Appendix C. The simplest averages we will need argiven initial state, we calculate its eikonal propagation ac-
those corresponding to “fundamental dipole” and “adjoint cording to Eq.(2.2). Next we “project out” the subspace

dipole” scattering amplitudes which is spanned by the possible initial states, according to
L Eqg. (2.9. Then we calculate the observable as in £311.
- Ft F _ _ . Then we perform the averaging over the initial state if this is
N (TTWHOOW () )y =exil = Ceo(x=y)], needed—for example the averaging over the initial polariza-

(2.20  tion in the case of unpolarized scattering. And finally we
average over the target field ensemble in the two gluon ex-
change approximation with the only nontrivial target average

N2 1<(Tr[WAT(y)WA(x)]>>:exp[— Cav(x=Yy)], specified in Eq(2.18 [and Eq.(2.22)].
(2.21
. ] ) o C. With due respect to the target
\év;t:t;ggn?:sezgégg\?;y the fundamental and adjoint repre- In the eikonal scheme described above, one does not fol-

In most of the paper we will not specify the form Bf but low the details of the dynamics on the target side, since the

sometimes it is useful to keep in mind the following simpletarg_et is modeled by a f|elq distribution rather thaf‘ bemg
form [5,27]; assigned a wave function of its own. As a result, the inelastic

cross sectior(2.8) calculated in this way is underestimated
B(X,y)=x-yu?(x"), (2.22  since it accounts only for processes in which firejectile

scatters inelastically. Other inelastic processes in the usual
where 1 is a slowly varying function of~. The indepen- sense, in which e.g. the projectile remains intact but the tar-
dence ofu onx inside the radius of the target corresponds toget breaks up, are not included dtf,/ . _
the leading logarithmic approximation in the following In the same way, the cross sectioff® in Eq. (2.1
sense. We are working in the gauge where the only nonaccounts for the probability that therojectile undergoes
vanishing component of the vector potential in the target islastic scattering. Thus its definition includes the probability
A*. In this gauge the vector potential is related to the colorof inelastic processes where only the target is excited. Such

electric field by the following relation which is local x~ “diffractive” processes are correctly included in the diffrac-
tive cross sectiomwrgg in Eq. (2.17), but in the above, pro-

b jectile biased discussion, they are shifted from their rightful
AT ()= LOdX‘Ei ' (223 place ingj,e into o . As we shall see in our explicit calcu-

lations, these contributions are suppressed by powers\qf 1/
The leading logarithmic approximation assumes that thén the situation where the projectile is much smaller than the
scale of the variation of the color electric field is much largertarget. It is however unclear to us whether the same is true
than the transverse distances at which the field is probewhen projectile and target are roughly of the same size.

(transverse momentum orderjndn this approximation, we In order to have the proper separation between elastic and
have inelastic contributions, we consider now the role of the target
wave function. We observe first that the target field averaging

At (x)=(x—xp)-E (2.29 described above amounts to calculating averages of the ap-
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() function! The same goes for the elastic probability of Eq.
. ! E . . (2.14) and the total probability of Eq2.12. Thus we find
o Y )
' ' cut ' ' Pine=1—1sl%, (2.32
R QG Q.8
R %‘“ ...... - Po=|1—5/?, (2.33
FIG. 2. Schematic picture of a diffractive contribution to t\ﬁ Piot=Pineit Pe=2—5—5*, (2.39
scattering cross section which does contribute to the inelastic scat-
tering cross section.
Tinel,el tot— J' d?b Pinel,el,to(b)- (2.39

propriate Wilson loops in the target wave function. Thus for
example
The S'matrix elemens, given by Eq(2.31), already contains
(TrIWFTOOWR(Y) 1)) = (Wi TTWET () WFE(y) 1| W, the target average.
We therefore see that in order to calculate the true elastic
:J DA Tr[WFT(x)WF(y)]| YA, and inelastic cross sections, the “target field averaging” has
to be performed on the amplitude level rather than on the
(2.27  cross section level as is sometimes tho@@. The differ-
ence between these averaging procedures has a clear physical
Where'\llitn is the initial state target wave function which in meaning: they differ in the treatment of the diffractive states

the gluon field basis has the form close to the rapidity of the targésee Fig. 2
Not all quantities are affected by this more careful treat-
[Pt y= g A]|A) (2.29 ment of the target wave function in calculating the overlap
in " "

(2.31). The total cross section is not sensitive to this, since it
We can now parallel the discussion of Sec. Il A payingis Iinea}r ins and therefore_ contains i_n any case only one
proper attention to the target wave function effects.’ The inicy o ading over the target fields. Physmally this is pecaqse It
tial wave function of the projectife target system is dpes not care about whether we aSS|gn.the target side qlffrac-
tive contribution to the elastic or the inelastic probability.
The diffractive cross section is not affected since we defined
o VR oy diffractive processes as those in which the projectile wave
Vi {a.Exi} Y{ai XD P [All{ai xi})®|A). (2.29 function emerges from the interaction region in a color sin-
glet state. This definition does not refer to the final state of
The outgoing wave function is the target, and thus the target averaging should only be per-
formed once, on the cross section level. The number of pro-
duced gluons is also unaffected if we are interested in gluons
VourS¥in= > v ,xi})H W(Xi) o, SLAN B X)) at rapidities far from those of the target.
L i} : In the rest of this paper, we apply the eikonal approxima-
®|A). (2.30 tion to a variety of simple cases. Whenever we are interested
in the cross sections, we will calculate them according to
both definitions: the one referring only to the projectile as
described in Sec. Il A and the one including the proper treat-
Ynent of the target wave function, as described above. The
Brojectile biased quantities we will denote by the superscript
proj”. We calculate both quantities in order to illustrate the
differences between them. We stress, however, that the
physical inclusive cross sections are given by &535. In
the eikonal approximation, the proper calculation of the elas-

B tic and inelastic cross section involves the target field aver-
$=(Win| Woud = ([{(W)e])p. (2.3 ages on the amplitude level.

Although the incoming wave function is a product of the
wave functions of the target and the projectile, the outgoin
wave function is not factorizable, since the eikonal facitts
depend both on the coordinates of the projectile particles an
on the target fields. Th&matrix element or overlap that
determines the inelastic scattering probabili.4) reads
now

where the incoming and outgoing wave functig@<29 and

(2.30 contain both the projectile and the target parts, rather 'Here, in order to project out the projectile states with, we

than just the projectile parts as in E48.1) and(2.2). Here  proceed in exactly the same way as explained in E29),(2.10.

we denoted the Wilson loop factors arising in tBenatrix  \we thus assume that the only degrees of freedom that characterize
collectively byW, (), denotes the averaging over the targetthe target are the vector potentials, and that there is therefore no
fields (wave function as in Eq.(2.27), and(),, is the expec- need to perform an analogous projection on the target wave func-
tation value with respect to the incoming projectile wavetion.
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Ill. GLUON PRODUCTION

Wou=SU_|a)=WF_(0 —l—fdxfbe
As a first illustration of our formalism, we present a toy out @) =W, (0)17) () Tap

calculation of the number of gluons produced in the high

F A .
energy scattering of a quark off a nuclear target. XWﬁV(O)WbC(X)' re(x). @3

A. Gluon production in g+A Here WF(0) and WA(x) are the Wilson lines in the funda-

mental and adjoint representations respectively, correspond-

The incoming state in this case is a single quark idealizeqing to the propagating quark at the transverse posikign
as the Fock statkr) of the bare quark, supplemented by the _ 5nq gluon akg=x.

coherent state of quasireal gluons which build up the Gjyon production being an inelastic process, we have to

Weizsaker-Williams fieldf(x). This can be written as a co- project out of the outgoing wave function the component

herent state of a gluon field—the result of evolving the barqying in the subspace spanned by the incoming states with

quark state by free evolution from time to the moment  5pitrary color orientatiort. Thus the indexy in the projec-

of the interaction: tion operator(2.10 has here the meaning of the quark color
index:

U|a)=ex;{—J' dx|f(x)|2+if dx déf(x)[ag(x, &)

+af(x,&)]T¢

|a) 6% )=U, |\Ifom>—§ UI7><yu*um\Ifom>}
(3.4)
~|a>+f dx d&f(X) To 4l B;b(X,£)). (3.1)

To lowest order inf? only the no-gluon component oF
contributes in the lastoverlap term:
Here, U_ denotes the unitary free time evolution from

—oo up to the targetay(x, &), ag(x,g) are the annihilation

and creation operators for gluons of coldrat transverse

position x, and rapidity ¢, and T¢ are generators of the

fundamental representation &U(N). Lorentz and spin |5‘l'a)=U+f dx F(X)[ Th Wi, (0)Wpu(x) = TG WE 5(0)]
indices are suppressed. We work in the light cone

gauge appropriate to the projectile, that A =0. In X |y;e(x)) (3.5
this gauge the gluon field of the projectile is the Wecksa- wh
Williams field _ ™ ¢ . e
_ 'l” WaB(O) 'l,’
- o b F v T d C Y
[ - Xi
A'(X)=0(x ) fi(X), fi(XL)O(g?a (3.2

As llustrated by the diagrammatic representation of
this equation, the structure of the second term corresponds
precisely to “emission after interaction”. By this we
wherex™ =0 is the light cone coordinate of the quark in the mean that the gluon is emitted from the initial quark state
wave function. The integration over the rapidity of the gluonrotated by the eikonal facton™, while there is no eikonal
in the wave function(3.1) goes over the gluon rapidities factor WA that accompanies the gluon propagating through
smaller than that of the quark. In the following we will sup- the target. Thus this term is the exact counterpart of the
press the rapidity label. We are interested in calculating thé&eynman diagrams containing gluon emission from final
distribution of produced gluons per unit rapidity and sincestate quark. Another point to note is that since the right-hand
the wave function does not depend on rapidity, this distribuside (RHS) of Eqg. (3.5 has an explicit factof, to lowest
tion is obviously flat. order inf? the evolution operatod , in Eq. (3.5 has to be
The Weizsaker-Williams field is proportional to the QCD approximated by unitycf. Eq. (3.1)], as noted in the previ-
coupling and is considered to be small. The higher powers ofus section.
|f(x)|? are thus negligible and the approximatit®1) ap- The number spectrum of produced gluons is obtained
plies. from Eq. (3.5 by calculating the expectation value of the
The interactionS of the projectile wave function(3.1) number operator in the stataV ,, averaged over the incom-
with the target results in the phase shifts described by eikonahg color indexa. After some color algebrésee Appendix B
Wilson lines, for technical detailswe obtain
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1 ; as a simplified representation of a hadron. We take the quark
Nprod K) = > (8F Jaj(k)ag(k)| oW ) to be at the transverse positiarand the antiquark at. The
“ state incoming into the interaction region is

_ ik- (x—y) _ _
CFJ dxdy e ATO0T(Y) uf|<a,x><a,y>>~|<a,x><a,y>>+Jdz[f(z—x)TE’,ﬁfm

x| 1= L (TIWN oW O ), ~1(2=Y) 8upTI(BX(BY)(b,2).
(3.11)
— S (TIWA ) WAO) ), - | |
-1 Here, the color indices of the quark and antiquark are inde-
pendent; i.e., the incoming quark and antiquark are not taken
+ At A ' ' to be in a global color singlet state. The reason for this is the
N2— 1(<Tr[W W] 36 following. Any realistic hadron wave function apart from a

quark and an antiquark has a large number of soft gluons.
Here, all the information about the scattering properties ofThose are not the Weizsker-Williams(WW) gluons present
the target is encoded in the target average of the product ¢ Eq. (3.11) but rather genuine soft non-perturbative glue.
adjoint Wilson loops which are determined by E¢8.18  They do not scatter eikonally since their energy is small. One
and(2.22. The explicit calculation of this as well as some can reasonably expect that they are completely absorbed by
more complicated Wilson loop averages is given in Appenthe target. This absorption does not produce any gluons in

dix C. The result is the central rapidity region which we are attempting to calcu-
late here. However, the presence of the_se soft gluons serves
TrTWAT (VWA —ext — Cav(Xx— to randomize the color orientation gfandq. We thus model
[\12—1<< [ W) D) H v (x=y)] the hadronic state as having all color orientations of indi-

(3.7 vidual quark and antiquark as equally probable. The impli-
cation of this is that the projection operator, which we em-
or, in the leading logarithmic approximation ploy to project out the component of the incoming hadron
2 from the outgoing state, has independent summations over
exp{ _(X=y)7Ca _ (3.9 the quark and antiquark color indices.
8 Cg The outgoing state is

Q2

With the explicit form of the Weizszker-Williams field of

the quark projectile in configuration space, . et _ .
‘Pout=Way(X)W;(y)l(7.X)(%y)>+f dZ f(z=X)T,p

aCg Xy
CFf(X)f(y):<Ap(X)Ap(y)>pr0j:_2,n_ X2_y2’ (3.9 XW,F;Y(X)W%(y)WQb(Z) _ f(z_y)TZ—aWZV(X)
Ft —
the produced number spectri6) for g+ A coincides with XWA(Y)Way(2) 1 (7,X)(7,Y)(b,2)) (3.12

the expression given by Kovchegov and Mue[lg}. Fourier

transforming Eq.(3.6), we see that it is nothing but the o o

Gunion-Bertsch gluon radiation cross sectj@g] for a hard ~ @nd, after projecting out the initial state component,
guark which receives a transverse momentum trahgfdrs-

tributed with Gaussian probability distribution:

OV o= | Gz TEWE,COWE L) W2

) Xy 2 2
No oK)= f dxdy k0 =L (1 1 o= (-0)?(CalBCH)QE
pro X2y2 - f(z—y)TZQWEY(X)W%(y)Wﬁb(Z)

— e X(CABCRIQ; _ g YACHBCAIQY) — (2= X) T, WEs00W )+ f(z-y)
, _
_87Ce izf k.- 2 GG : k2 y XTI;E\NZY(X)W%(Y)]K7.X)(%Y)(b,2)>.
Ca Q2 k2(ky—k) (3.13
(3.10

o _ Here again we have kept only terms of the lowest ordéfin
B. Gluon production in (qq)+A The number of produced gluons is calculated in the stdte

As a second example, we consider for the initial statdndependently averaging over the initial state color indiees
wave function a quark-antiquark pair which may be viewedand «. After some color algebra we get
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1 longitudinal momentum carried by the quark. The explicit
Nprod K) = — > (8 alal(k)ag(k)| sV o) form of the wave functiony for both transverse and longi-
N® aa tudinal photons is given in many placésg. Ref.[20]) and
will not concern us here. We will also not indicate the

:CFJ dzdze G I[f(z—x)f(z—x) dependence of the Fock states explicitly in the following,
B B since the scattering amplitude of the_1 pair in the eikonal
X (1+e N2 _ g=No(@=x) _ g=No(z-X)) approximation does not depend zn
B _ The DIS cross section is determined by tloal cross
+f(z=y)f(z—y)(1+e WE g NG section of theqq pair on the target. The reason it is ttugal

and not thenelasticprobability that is important, is because

even if only the phase of thgq state is changed in the

. . : scattering event, the coherence between the components of
In comparison with the number spectru®6), Eq. (3.14) is the y* wave function is disturbed and thus what emerges

the mdepen.d(.ant sum of the radiation spectra for. O U3 5m the interaction region is some hadronic state. The DIS
nucleus collisions, with quarks at transverse positiosd o -

) . . = cross section is thus given by
y respectively.(This can be seen by using(x—y)=[(x
—y)2/8C,:]Q§. ) In this sense, it appears sufficient to calcu- B
late theg-A gluon number spectrur(8.6) in order to deter- O'DISZJ d2xd2yd z(x—y,2) * (x—y,2) PIY(X, ).
mine theh-A number spectrum for “hadronsfi. However,
there are at least two obvious limitations to this simplified
treatment: first, if color correlations between the projectile . .
partons become important, the gluon emission off differenfAt lower values ofx the virtual photon wave function devel-
quarks is not independent any more. This will be seen in oupps aqqgg Fock space component, due to the Wetkea-
discussion Of g|uon production off a Co|0r Singma Fock WI||IamS f|e|d of the quark and the antiquark. ThUS the wave
state in Sec. IV. Second, if the color charge density in thdunction of theqq pair in Eq. (4.1) is substituted by the
projectile is large, then its WW field is not an incoherentnormalized state
superposition of the WW fields of its constituents. This in
particular is important when both colliding objects are nu- .
clei, as in[16]. We plan to address this question in a future — Spal @(X),a(y))— Vi,
publication[19]. JN

— e Nz, (3.14

(4.2

N _ 1 fln 1k )
=—36,]a(x), +— d fd z
N da(x),aly)) Nl

In Sec. Ill B, we considered the propagation and accom-

panying gluon radiation of a quark-antiquark pair in a ><[f(z—x)—f(z—y)]TiB|(,B,X)(a,y)(a,z,g)%

nuclear target without requiring that this color dipole is in a

global color singlet state. We argued that this is a simple 4.3
ansatz for a meson-nucleus collision where the hard quark ] ] o o
and antiquark projectile components are not required to be iWhere in the leading logarithmic approximation we have

a singlet state since soft non-perturbative gluon fields ar&aken the gluon emission amplitude to be independent of the
present as well. The situation is different for many problemgdluon rapidity . This wave function is normalized to unity

in smallx DIS. In the nuclear target rest frame, the process obia the factor

interest here is the eikonal propagation of the hadronic Fock

components of the virtual photon through the nuclear target 1
field. Because of formation time arguments, these Fock states N=
cannot develop a soft color-carrying field prior to the inter- \/ P

action. The hadronic wave function of the virtual photon is 1+Cr | d"ZFE(XY.2)In(Xo/X)

hence perturbative, and the lowest lyigg and qqg Fock c
states of the incoming virtual photon are in a color singlet. At ~1— _FJ d2zF2(x,y,2)In(x/X). (4.4)
not too low values ofk=x, the photon wave function has 2 "

only the qa component:

IV. SMALL x DIS IN THE TARGET REST FRAME

Here and in what follows, we use the following notational
shorthand for the Weizs&er-Williams fields:

1 _
ly*)= J d?(x—y)dzi(x—y,z) \/_N Saala(X),a(y),z).
(4. F=f(z—x)—f(z—y). (4.5

Here as previouslyx andy are transverse coordinates of the The wave function4.4) is correct for Weizseker-Williams
quark and antiquark respectively ands the fraction of the photons with rapidity lower than that of both, the quark and

114002-8



EIKONAL EVOLUTION AND GLUON RADIATION PHYSICAL REVIEW D 64 114002

the antiquark. The photons with intermediate rEpidity can be - 1
emitted only by the fastest partaibe it g or g). In the ial = 1—@TF[WFT(X)WF(V)]
leading logarithmic approximation, however, it is the soft

photons that dominate the phase space and we only keep
those in our analysis. xTr[WFT(y)WF(x)]> >
Even though onlyP{ is relevant for inclusive DIS
cross section, in the rest of this section we will discuss NZ_1 1
also the inelastic and diffractive cross sections of ¢t —<< >~ —2W§b(x)W§b(y)>>
scattering on the nuclear target. Those have distinct physical N N
meaning and are useful for calculations of less inclusive NZ—1
guantities. Our starting point is the virtual photon component - [1—e Nv=W7], (4.9

(4.3. The interaction with the target evolves its wave N2

function into
As explained in Sec. Il, the difference between these two
expressions is due to the target side diffractive processes

V¥ ou= S¥in which are not included in Eq4.9) but are accounted for in

IN: Eq. (4.8. Comparing Egs(4.8) and (4.9 we see that this

_ WFTVIWF (501 difference is of the orde®(1/N<). The diffractive probabil-
W OW Tl a9.aly) ity reads

1
+ —F[WF T (y) TAWF (%) ] _
N P~ ([ rrwroow o)1)
XW5L(2)| @(x),a(y),b(2)), (4.6)
X

ST IWE ()W (0]~ 1) > >

where we have suppressed the integration over the gluon
rapidity.

1 1
= < <@[1+W;‘b(x>wg\b<y>]— N TIWE oW ()]
A. qq contribution to photoabsorption cross sections

_ = F Ft
We start with the discussion of the contributions from the N W)W+ 1> >
lowest lyingqq Fock state. Details of the medium average as

well as more differential cross sections are listed in the ap- _ N2+1 _ pe-Croly) 4 N2—1e_Nv(x_y)>
pendices. N2
The total scattering probability, which determines
the inclusive DIS cross section according to EHg.2),
reads =(1—-e Cry24 0 vk (4.10
qq_ 1 F Ft
Pior={ | 2=y T IW W™ (y) ] The leadingO(1/N) contribution in Eq.(4.10 is the result

given by Buchmiier et al. for the diffractive photoabsorp-

1 tion probability[3]. It is easy to see from Eq$4.8), (4.7),
- F Ft , 1S éasy , _
N MW ()W (X)]>> (2.39 that this contribution is precisely equal to the elastic
st probability P, sinceP¢= Pioi— Pinel- This leadingO(1/N)
=2[1—-e CrOY)], (4.7 result was later rederived in R¢R0] and it lead Kovchegov

and McLerran to conjecture that the diffractive cross section
can be calculated by the procedure of averaging over the
For the inelastic photoabsorption cross section, we get  target fields on the amplitude level. Physically, however, as
noted in Ref.[20] and explained above, such a procedure
corresponds taquasjelastic scattering where each target
color source(nucleon in the target nucleus remains in a
color singlet state. In contrast, the diffractive production re-
quires the outgoing projectile wave function to be in the
=1—e 2Cr (Y (4.9 color singlet state but it can leave some target sources in the
color octet and thus the whole nucleus in an excited sthee
overall color neutrality of the target is of course still pre-
and served. Our derivation makes it clear that for the diffractive

— 1
Pihei=1- m((Tr[WFT(X)WF(V)D)((Tr[WFT(y)WF(X)D)
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cross section the averaging must be done on the level of the B. qqg contributions to photoabsorption cross sections
cross section. We also see .that the h!ghe_r orQerhhdjr- The non-Abelian Weizsker-Williams field in the virtual
rections have a clear physical meaning in this case—theynqton wave functior4.3) is perturbatively small. In the
distinguish between the diffractive and tfipiasjelastic pro- - c5jcylations of the last subsection, this was used to neglect
duction. . _ _ . all powers ofF. Now, we discuss th©(F?) corrections to

As our previous discussion suggests the difference behese photoabsorption cross sections. There are several mo-
tween the_diffractive and elastic cross sections for the scatjvations to do so. Though nominally suppressed by powers
tering of qq pair is due to precisely the same physical finalof the strong coupling constant, such radiative corrections
states as the difference betwep, and PP Indeed sub- are known to give important contributions to the leading
tracting from the total cross sectidd.?) the projectile bi- twist photoabsorption cross sections in some regions of
ased inelastic on@t.9), one obtains the diffractive cross sec- phase space. Moreover, the gluon radiation off dlgeFock
tion (4.10. For more complicated projectile configurations state can be viewed as a leading contribution to the small
this is not necessarily the case, since the global color is ng@volution equations. This we shall discuss in Sec. V. The
the only degree of freedom that characterizes the outgoin@(F?) corrections arise from thgqg components of the
state. This is also not true beyond the eikonal approximatioingoing and outgoingy* wave functions(4.3), (4.4), and
where the transverse positions of the partons in the projectilét.6).
may change during the interaction tirf@4]. The total scattering probability reads

P{ga+a9) = < < ( 2 STIWF OWF(y)] %Tr[w”w)wF(x)]) > >
+ In(xO/x)F2< < {%Tr[WFT(x)WF(y)]Jr %Tr[WFT(y)WF(x)]

— e TWF T 2WEGO T () WF (2)] %Tr[w”(x)wFu)]Tr[vv”(z)WF<y>]J > >
= (2— 26~ CF VY 4 2C, In(xo /X)F2(e~ Cro Y — g~ (ND[u(z=y) +u(z-x)] + (U)o (x=¥)) (4.11)
Here and in the following we use the shorthand
FZEJ d?zF2(x,y,2)[ - - -1, (4.12
which stands for the operator acting by multiplication with the square of the WW field, and integration over its coordinate.

Thus in this and the following expressions the coordinate of the ghisralways integrated over.
The inelastic photoabsorption probability reads

— = 1 1
Plsdl 119 = 1= S (TIWST O W ) DX(TIW ()W 1)) +In(x0 1) F2 SralTITW () W00 1))

X (NTHWF T OWE ()]~ THOWF OWH () TTIOWE (2 WF () 1)+ In(c )P 5 o (TWET GOWF(y) )

X(ANTLWE () WF(x) ] = TITWFT () WE () TTHWE T (y) WE(2) 1}))
=1— e*ZCFU(X*y) 4 ZCF |n(XO/X) F2e7CFU(X7y)(e7CFv(X7y) _ e(7N/Z)[u(ny)Jru(fo)] +(l/2N)v(X7y)) . (413

Finally, the diffractive probability reads

+Cp In(xo/x)Fz{ - (%Tr[WF(x)WF*(y)]— 1)

STHWFOOWF ()]~ 1) (%Tr[ww)w”(x)] -1

X TTWF () WF (2) ITTWF (2)WF(x)] - N TTWF QW (y)]— 1)

1
NTI’[WF(y)WFT(X)]—l) +( m

N2—1

Nzl_ 1Tr[WF*(x)WF(z)]Tr[WF*(z)WF(y)]— N Tr[WF(y)WF*(x)]—l) ] > > (4.14

) (N*-1)
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The explicit averaging of this expression over the target field is calculated in Appendix C. The final result is

- 2 2__ 2__
pfa+ad9) N +1—2e*CF“(X*V)+ N 1e*N“(X*V) +Cr In(Xo/x)F? —N—+Ze’CF“(X’V)
N?(N?—1)
2_1\3_ 2_ 2_
_ Mefm(xfmr M(e— No(z=%)  g=No(z=y)) 4 uefw(zf@ﬂ(zwn
N?(N?—1)2 N?(N?—1) 2(N2—1)
_ 2e(—N/2)[v(z—x)+u(z—y)] e(1/2N) v(x—y) _ —e(—N/Z) v(x—y)
N?(N2—1)
2 —
+ N— N+3e—(N+1)[v(z—x)+v(z—y)]+v(x—y)+ N 3e—(N—l)[v(z—><)+v(z—y)]—v(x—y) ) (4.15
4(N?-1)\N+1 N—1
To leading order in M this simplifies to
Pg(i]ﬁEJrqag):(1_e(7N/2)v(X*y))2+ CFF2 |n(XO/X){_(1_e(7N/2)U(X7y))2+(l_e(*N/2)[v(27x)+v(zfy)])2}+O %) . (416)

For completeness, we also give the projectile biased inelastic probability

e oroi 1 1
P el asProl— < < 1-N* o1y Wab(2) Wah(X) + 5 WaK( 2 WaL(Y)

O 2 )
g VaIWap(y) | = S50 X0F

1 A A A
+ ZWab(Z)ch(y)Wef(X)(dacedbdf+ facefbdf)

N2—1 1 N?-1 1
_ _ a—No(x—y) 2] —Nv(x=y) _ _— a—Nv(z—x)
-\ (1—e ™ )+2Ce In(Xo/X)F {N2+ NE e v N2e v
_ iefNu(zfy)_ ( 1— i) e(N/z)[v(zx)+v(zy)+v(xy)1} _ (4.17
N? N2

To leading orderO(1/N), the qa contributions to the projectile biased and true photoabsorption cross sections coincide.

However, for theqqg configuration, the elastic and the diffractive cross sections do not agree even at the leading ofdier in 1/
The elastic cross section can be immediately inferred from(&41). To leading order in M,

p(e?E+qu> =(1—e (N2w(x=y)2 4 2Ck In(xq/x) F2(1— e(—N/2)v(X—y))(e(—N/2)v(X—y) —e(=N2)[p(z=y) Fv(z=X]) 4 O(1/N?). (4.18

This has to be compared with E@.16). The difference in  and allows us to trace explicitly some of the effects that limit

the O(F2) terms is due to the fact that as opposed toghie  the range of validity of this equation. We also present the all
case, the quantum state now is characterized by a new degretder 1N corrections to Kovchegov's version of this evolu-
of freedom. This degree of freedom is the relative phasdion equation. Those are obtained with the use of Fierz iden-

between theqaand theqag components of the wave func- tities as described in the appendixes. The equation for the

tion. Thus the outgoing state can be a color singlet which i,bdiffractive Cross se_cti_on_ as given here in the operator form is
not identical to the incoming one new. In the largeN limit it reduces to the equation discussed

in Ref.[21] and we present I corrections to this form.

V. EIKONAL LOW x EVOLUTION A. Inelastic cross section

The results of the previous section allow us to derive evo- Consider DIS at some low value &. We work in the
lution equations for inelastic and diffractive DIS cross sec-frame where the photon wave functionxat has only aqq
tions in the eikonal approximation. In the operator form, thecomponent, but the target ensemble is characterized by large
equation for the evolution of the inelastic cross section is thevalues of the field. There are two distinct physical situations
same as that of Balitskl7]. Our derivation is very simple that correspond to this. One is the scattering on a nuclear
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target at not very high energy. In this case the large targethe saturation regime, wheiis close to unity the effect of
fields are due to large number of nucleons in the target reshese corrections may very well be large, and it would be
frame, and no significant evolution has taken placed is  quite interesting to explore these effects numerically, simi-
not very low. Another situation is that the scattering is on alarly to Ref.[25].

single hadron and, is very small. In this case the large  These corrections have a very simple meaning. As dis-
target fields have been generatEd due to theXx@avolution cussed by Kovchegoﬂﬁ]’ the |eading ™ approximation in
which in our frame has been put into the target. There argne present context is equivalent to assuming that the dipoles
some clear physical differences between the two situationgnteract with the target independently. From our derivation of
yvh|ch we will discuss later, but for now we treat them both o target averages in Appendix C, it is obvious that the
in the same framework. corrections in Eq(5.3) arise precisely due to the breakdown

Thus atxq the DIS cross section is given by Eg.2). The fthe i : he leadi .
first line of Eq.(4.7) then expresses it in terms of the glue of the independent propagation beyond the leading order in

fields of_ the_ target, while the second line gives its explicit What is meant by “independent propagation”? Physi-
expression in terms of our ansatz for the target field aver-

ages. Now consider a lower valuexofit is convenient to use cally, as discussed n Sgc. Il, in the eikonal approxmatl.on
the frame where all the evolution betweenandx is occur- the partons _of the projectile propagate through the target field
fing in the photon wave function. This means that to achievé®MPletely independently of each other. This statement fol-
higher interaction energy the photon is boosted, while thaows from the eikonal kinematics and does not rely on the

target remains the same. Thus the target field ensemble &N expansion. However, the fields in the target are corre-

result the eikonal phases picked up by the partons are not

elastic scattering probability is now given according to Eq'independent when averaged over the target field ensemble. If
iy q the target fields are small locally at every longitudinal coor-

(4.2) but with P49 of Eq, (4.1D substituted fo. I dinate, so that our model for averaging is applicable, then in
we were to put the evolution in the target instead, the inelas- ' ging PP '

tic cross section would still be given by E€¢.2) but with the leading order in N all eikonal phase averages factorize

the average performed over the new target field ensembld!t© a@mplitudes corresponding to fundamental dipoles. In
We can thus combine Eqgt.7) and(4.11) into a differential (IS sense, the dipoles “propagate independently” only to

equation governing the change of the target field averagégaQing order in JM Moreover,_it is crucial for this factor-
with x [we define¢=In(xy/X)]: ization that any given source in the target can exchange at

most two gluons with the projectile. If the fields are locally

d - F not small, it is possible that the propagation is still eikonal,
- d—§<(Tr[W COW(Y)1)) but the 1N factorization breaks down.

We finally discuss the limitations of this approach. There
are at least two reasons to expect that the evolution equation
derived here breaks down at very low values<of

Firstly, the derivation assumes that all the evolution up
until Xy occurred in the target wave function. Further evolu-
tion is nothing but boosting of the target. In the boosted
frame the gluon fields contract in the longitudinal direction
This equation is identical to that derived by Balitsk§l.  and their amplitude grows, as discussed in REfs]. This
Taking now the averages over the target fields and denotingdoes not mean that the effective width of the target shrinks,

qu component according to Eq&4.3) and (4.4). The in-

B F2< <§Tr[WFT(x)WF(Y)] —%Tr[W”(wWF(Z)]

xTr[WFT(z)WF(y)]> > (5.1

the “dipole scattering probability” by since the low momentum components of the glue field also

become important. The effective width of the target then can
D(x,y)=1-e" CFiw, (5.2 remain approximately constant, but the fields inside it grow.

Therefore, if the target wave function has undergone a

we have lengthy low x evolution, the target fields have significantly

d increased locally and the averaging procedure employed here

—D(X,y)=CeF3{1—D(x,y)—[1— D(Z,y)]NZ/(NZ—l) and in _Ref.[?] brc_—zaks down. Thus we expect E§.3 to be

dé a sensible description for targets which are large but “soft”,

22 Nz like a large nucleus in its rest frame, but not for targets which
X[1-D(x "N I[1-Dxy) ] MNP e “hard”, like a very energetic proton.
(5.3 Second, if the evolution is followed to very small values
of x, the projectile wave function itself becomes dense. Then
To leading order in M this reduces to the equation derived any further evolution has to take into account that the
by Kovchegov7]. Weizsaker-Williams field of theprojectile becomes large.
The extra terms in Eq(5.3 furnish 1N corrections to  Further evolution then becomes nonlinear already on the pro-
Kovchegov’'s form of the evolution equation. Interestingly jectile side, since we would not be able to neglect higher
enough the corrections arise as non integer powers dfrders of the field- in all our calculations. The onset of this
[1—D], and thus at smalD correspond to infinite series. In effect may be expected to occur at the scale
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1 this physics. As discussed ifl7], the Jalilian-Marian—
IN(Xo/X)= =, (5.4  Kovner—Leonidov—Weiger{JKLW) evolution is different
F form the Balitskii-Kovchegov(BK) evolution, when the
— — o _fluctuation fields are large. This is precisely the case of a
when theqq andqqg contributions to the photoabsorption |arge projectile. However whether this difference is due to
cross section become comparable. In the language of th@fferent physics content or to technical difficulties with

second paper in Ref7], such highelO(F?) corrections are kLW equation is not clear at the moméns discussed in
due to “Pomeron loops.” The evolution equation then breaksg17],

down already in the operatorial form. Another way of saying
it, is that the averages of the products of large number of
Wilson lines is not described by a straightforward generali-
zation of Eq.(5.1) given in Ref.[7]. It is an interesting ques- We can repeat the same exercise for the diffractive cross
tion whether the evolution equation [&] accounts better for section. Using Eqsi4.10 and(4.14) we get

B. Diffractive cross section

d 1 1
daz Pair(X,y) =~ CFF2< < (NTV[WF(X)WFT(V)] - 1) (NTf[WF(Y)WFT(X)] - 1)

T WE @) ITWE () WF (01— mﬂ[wﬂmwﬁwn— 1)

X

1
Ft F Ft F _ F Ft _
Nz_le[W W () JTITW ()W (y) ] N(Nz_l)Tf[W (Y)W™H(x)] 1>>> (5.9

This is the operatorial form of the low evolution equation (denoted in21] by Np) and
for the diffractive photoabsorption cross section.
A comment is in order about the precise meanin@®gf .

We have defined i atxq as the probability that theq pair 1

in the photon wave function remains in a color singlet state Piot= < < ( 1- NTV[WF(X)WFT(Y)]) >>

after the interaction with the target. At lower value>othe

wave function contains a quark-antiquark-gluon component, ] ) o

The rapidity of this Weizsgker-Williams gluon in the lead- (denoted if21] by No). Neglecting the explicit M correc-
ing logarithmic approximation is always smaller than the ra-tions in the _coeff|C|ents of Eq5.5) the result is identical to
pidity of the quark or antiquark but greater than the initial the differential form of Eq(11) of [21]:

rapidity In(1k,). Again we require that the outgoing state be

in the color singlet. This requirement does not constrain the

emission into the rapidity interval between the gluon and thed )

quark-antiquark pair in the final state, but it does not allowgg Pairr(X,Y) = CeFH{ = Pair(X,¥) = Pair(X,2) = Pair (Y, 2)
emission of particles with rapidity smaller than that of the

softest gluon, that is In(%4). Thus the final states allowed + Puit(X,2) Pgirr(2,Y) — 2P it (X, 2) Piol( Z,Y)

by our definition have rapidity gap on the target side of at

oast IN(Lxg). PE 95 ’ ~2P(%2)Pain(2Y) + 2P %2 Peof2.Y)}.
Our definition ofP 4 coincides therefore with that of Ref. (5.6

[21] and Eq.(5.5) is the operator form of the evolution equa-

tion for this quantity. It is also easy to see that in the leading e note however that within the region of validity of the

order in 1N this equation indeed coincides with the equationpresent approxima‘[iomsla is not rea”y a differential equa-
derived in Ref.[21]. The straightforward way is again to

realize that in the leading order inNLthe target field aver-
ages factorize. Thus the right hand side of E§|5) can be 2t has been recently suggeste2b] that the apparent differences

factorized into products of between the BK and JKLW equations are due to the incorrect deri-
1 vation of the latter. However, since the discussionaf] does not
P.= T WE O WFT ~1|(Hec. point to a mistake in the calculations §8,17], we consider the
dit <<(N (W) )] (He) question open as discussed[iV].
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tion, but it rather determineB gy directly in terms of the At lower values ofx the solution of Eq(5.7) of course will
dipole cross scattering probabilify of Eq. (5.2). The point  not satisfy this relation any longer. However the difference
is that the right hand side of E¢6.5) in the leading order in  betweenPyy; and D2 at any value ofx is small, of order

1/N can be written entirely in terms @: In(Xo/X)F2. Thus in the right hand side of the differential
d equation (5.6) the two can be interchanged as long as
— Pgir(%,y)=CeF2—D2(x,y)+[D(x,2)D(z,y) In(x0{><_)<1/F2. As discu_ssgd in the previous subsection, this
dé condition has to be satisfied anyway for the whole scheme to

—D(x2)-D(zy) A 57 be consistent. For even lower values fthe corrections

' ' ' ' nonlinear inF? (or “Pomeron loop” diagramsbecome im-
Thus onceD (¢) is found by solving Eq(5.3), the diffractive porta_mt, fand those are _not accogntgd for in the present ap-
probability can be found by directly integrating the right proximation(as well as in the derivations of Ref,21]).

hand side of Eq(5.7). The reason E5.7) is consistent with Thus we stress again that in order to find the diffractive
Eq. (5.6) is the following. The initial condition satisfied by probability one does not have to solve an independent evo-
P4 as discussed if21] is lution equation, but rather integrate E§.7) with the known

right hand side. This statement remains true beyond the lead-
ing order in 1N. The complete set of i corrections due to

Pai(X=Xo) =D (xo)". 58 Corelated dipole propagation is read off F4.15:
|
d N2—2 (N>-1)%-1 N?—2
— P (X, ):C FZ _ —_’_ze*CFU(X*y)_ —eva(Xfy)_’_ —(eva(fo)_’_e*Nv(Z*y))
T Y N2(N2—1)? NZ(N?-1)
N2-4 2
b 7 NE+uE-Y] _ 9e(-NR)(E=X)+u(z=y]| oL2Nu(x—y) _ = (~N2u(x-y)
2(N?-1) N?(N2—1)
2 _
+ N N+_3 e~ (N+D[v(z=x)+v(z=y)]+v(x-y) 4 _N 3e—(N—l)[U(Z—X)+v(Z—y)]—v(X—Y) . (5.9
4(N?—1)\N+1 N—1

Here, v(x—Yy) is related to the total dipole cross section The averaging over the target nucleus wave function has
D(x—vy) via Eq. (5.2. been performed in the approximation where the target is con-
sidered to be a dilute system of weak sources of the gluon
field. We did however calculate explicitly all-orderNLtor-
rections in this model. This allowed us to provide all-order
In this paper we have discussed in a very explicit andcorrections to the various cross sections as well as to both
simple way the physics of high energy processes in the eikegvolution equations. These corrections stem from the fact
nal approximation. This provides a simple unifying frame- that fundamental dipoles do not propagate through the target
work for a variety of calculations existing in the literature. In independently from each other. These corrections have not
particular we considered processes where a small projecti@Ppeared in the literature so far.
(a hadron or a virtual photorscatters on a large targé We hope that this work is useful in providing a simple
nucleus. Our approach then allowed us to derive the inclu-explicit unifying framework for the eikonal physics. The
sive one particle spectrum as well as total, inelastic and difmethod discussed here allows simple calculations of many
fractive cross sections. In particular the lowevolution — oOther observables at high energy. What we consider to be
equation for the DIS cross Secti(ﬁm] follows |mmed|ate|y most interesting are less inclusive observables gIVIng de-
from this calculation. The various sources of the breakdowrailed information about the structure of the final states. It is
of this evolution equation at very loware also seen clearly for example straightforward to determine evolution of such
in our derivation. We have also derived the operatorial fornuantities as the inclusive one particle distributions and cross
for the evolution of the diffractive cross section and havesections for diffractive vector meson productifdi®].
shown that in the large W/ limit it reduces to the equation of
Ref. [21]. We have clarified that this evolution is not inde-
pendent of the total photoabsorption cross section, and in-
deed the diffractive cross section is determined by a direct We thank Yuri Kovchegov and Sangyong Jeon for inter-
integration once the total dipole scattering probabilif  esting discussions and for pointing out typos in an earlier
fixed impact parametgis known. version of this manuscript.

VI. SUMMARY
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APPENDIX A: PHOTOABSORPTION CROSS SECTIONS

In this appendix, we give full expressions for the differential inelastie ihel), diffractive (c=diff) and total (c=tot)

photoabsorption cross sections. We consider contributions fromgdhend gqg Fock components of the virtual photon. We
also give expressions for the differential cross sections with respect to the transverse mpmemiaandk of the quark,
antiquark and gluon respectively. The calculation of the medium avéKage)) will be discussed in Appendix C.

The wave function®V . are constructed as discussed in Sec. Il

The Smatrix element or overlaf2.6) at fixed transverse coordinates reads

(W {5999 ()| P 990 x, )

out

2
=<<AW/Tr[WFT(y)WF(x)]+%ln(xolx)f d?z/ f(z—x)—f(z—y) 2Tr[TawF(x)TbWFT(y)]Wg\b(z)>>. (A1)

Treating higher powers of the WW fieldsn the normalization facto)N as perturbatively small contributions which can be
neglected, and using E@B5), one finds

f(z—x)—f(z—

(W9 ) [ W0 () = < <$Tr[w”<y)wF(x>]+ oo [ 72
X{TWF (2)WF OO TTTWF () WF (2)] - NTr[wFT<y>wF(x>]}> > e

For the diffractive cross sectia2.17), we use the projection operator on the color singlet states

7)‘:s]mglet a‘la a)(,B B|5,8,81 (A3)

Pa99
singlet

el T§B|aﬁa><aﬁa|Ti—ﬁ. (A4)

We start with the contribution from thqeacomponent. The contribution to the total cross section reads
1 Ft F 1 Ft F
(B By oW Y= { 2= STTWFTOWF(y) ] = STHIWF () WE0] ) ). (A5)
For the inelastic cross section we have
1 Ft F 1 Ft F

(oW mel(x y)|5‘1’.ne|(x y)=1={ | {TTWOOW (y)] NTIWE W] ) (A6)

while the projectile biased inelastic probability is
1
<5‘Pﬁ%ﬁ”°1(x y) |5‘1’?n%‘f'°'(x,y)>: 1- < <@TF[WFT(X)WF(Y)]Tr[WFT(y)WF(X)]> > : (A7)

Finally the diffractive probability is

1 1
(W y)| W (x.y)) = < < (NTr[WF(X)WFT(Y)] - l) (NTr[WF(Y)WFT(X)] - l) > > - (A8)

For the same expressions including ttﬁg component, we find
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= = = - 1 1
(SW (G0 (x,y) | WG 90 (x,y))= < < 2 STTWFTOOWF(y) ] = STHTWFE () WH(x)]
1
— 5N OFZTIWF )W () TTWH () WF (2)] =N TTWF () WF(0)

+ T WO W (2) ITI W (2)WH(y)]-N TF[WFT(X)WF(Y)]}> > ; (A9)

(W 94990 (x,y)| W (95990 (x,y)y = 1~ %((Tr[WFT(x)WF(y)]))((Tr[WFT(y)WF(x)]»+ In(xolx)FZ%
X ((TTWET (y)WE OO D) (AN TITWFT )W (y) ] = TITWET () W (2)]
XTHWF WE () 1)+ In00 0 o THWF O WF (y)1)

X(ANTIW () WE () 1= THW () WE OO TTIHW T () WH(2) 1)), (A10)
(SUGT O x,y)| S G x,y) = < < (%Tr[ww)w”(y)] - 1) (%Tr[wﬁy)w”(x)] - 1)
1 1
+Cr In(xo/x)Fz[ - (NTr[WF(x)WFT(y)]— 1) (NTr[WF(y)WFT(x)]— 1)

+ TIWH T (y)WF(2) T WH T (2)WF(x)] -

TTWFOOW T (y)]— 1)

N2—1 N(N?-1)

X( TN (W TTWF (W)

_ F Ft _
N(Nz—l)Tr[W (YW '(x)] l)]>> (Al1)

The virtual photon wave function in the approximati@h5) contains at most one quark, one antiquark and one gluon. Thus
the various differential cross sections are obtained form the appropriate number of particles by integration over the impact
parameter. For example,

aq
do{

dp.dp,

= f d2x d?y(SWIx,y)[al(p1)ag(pr)ag(p2)agpa) | 6% (x.y))
= f dzcPx dy d2x dZyelPL 0 P2V (X -y, 2) g* (X~ y,2) Po(X, Y, X,Y) (A12)

and

qag
do{

—dpldpzdk = f dx dydz d;d?d?ei p1(xf;)+ip2(y*5+ik(zf;)< Nﬂag(x,y,z)la;(pl)

X ag(p1)ay(p2)ag(p2)al(k)a(k)| swi®(x,y,2))
=f dzPx d?y d2z d2x d?y d?z /P10 +iP2— V) +1KZ=2) g (x Ly 7 )yt (x—y,2,2) Po(X, Y, 2 XY, Z),  (AL3)
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wherea,, ag anda are annihilation operators of the quark, antiquark and gluon respectively. The wave fupgtiery,z) is
defined in Eq.(4.1) and ¢(x—Y,z,z) can be read off Eqg4.1) and(4.3). Here P, are amplitudes given in the following in

terms of the target gluon field averages. We give the expressions for the quark-antiquark-gluon prddgbilityz, x,y, z),
from which one can obtain the quark-gluon probability as

Pty )= [ d2Pxy.2xy.) (AL4)
We find

P X,Y,2.%.Y,2) = < <W(%Tr[WFWWF(%WFWWF(x)] - %Tr[w”&w@] - %Tr [WH(y)WF(x)]+1

- %FﬁwébmWSb(?) Tr IWFT (O TAWF (y) WET(y) TAWF (%) ] = WAay(2) Tr[TAWF () TPWFT(y) ]

2_
—WAL(2) Tr[TAWF(y) TPWFT(x) ]+ N 5 1D> (A15)

2072 o
Tr[WHT ()W (y)]

Pinel(X,Y,2,X,Y,2) = < <A%/Tr [WFTO)WF (y)WFT (y)WF(x)]— ( 1+ %(F —E)2>
X%TV[WFT(Y)WF(X)] + %EF Tr [WFT () TAWF (y) WF T (y) TPWF (x) TWAL(2) Wa(2)
- %FZ TrIWFTOOWF(y) ] Tr[ TAWF () TPWFT(y) JWA,(2)

- %FZ TrWF () TWE GO T WA(2) Tr [w”<y>vvF<x>]> > , (A0

Pdm<Ty,z,x,y,z):< <W($Tr[wF<x)w”<y)]—1) (%Tr[WF(%WF*(Y)]— 1)

2
+ CFFF( Nl [WFH () TAWF () TP TWay(2) — 1)

X

Tr[WFT () TAWF (y) TOIWA(2) 1) > > . (A17)

N2—1

Here we use the notation of Eqé.4), (4.5 andF, N de- WAL (X) =2 T TAWF () TPWFT(x)], (B1)

note the analogous expressions at transverse coordinates

X, . All terms quadratic irF (or F) are understood to con- Where the generators of the fundamental representation sat-
tain the factor Ingy/x). Also we have not distinguished be- isfy

tween the true and the projectile biased inelastic amplitude,

since it does not matter as long as we are interested in par- a1 1 ¢, . 1 c
ticles at rapidity far from the target. T TP=5 Sant 5 dancT" i 5 fapcT™ (B2)
APPENDIX B: APPLICATION OF FIERZ IDENTITIES We make extensive use of the Fierz identities

In order to simplify the color algebra in products of Wil-
son lines, we use the relation between adjoint and fundamen- TaTa — } S S Eg__ s (83)
tal Wilson lines, ij [kIT 5| Q9T i Ok [
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1 Tr[WF(2)WFT(y) ITITWF (x) WFT(z
WHOOWL' () = 83 i+ 2Wan() TATR; . (B4) [ (1 WEDITIW oW 2)]
_ F Ft A
The fundamental Wilson lines in E¢B4) depend on the NTr[W (IWHY)T+2Wap(2)
same transverse coordinate. This implies that transverse mo-
mentum integrations in cross sections of the typ&2) or
(A13) are needed for this Fierz identity to apply. The simpli-
fications which we shall obtain in using E@4) are techni-
cally identical to those obtained in a Feynman diagrammatidr [ W™ (x) W (y) ] Tr [WF (y)WFT(x)]
language via Mueller’s technique of cancellation between " A
real and virtuallcontac} scattering contributions. Indeed, in =1+ Wap(X)Wap(Y), (B6)
Feynman diagrammatic language, the only prerequisite for
application of Mueller’s cancellations is again that parton
lines be closed at the cut, i.e., that transverse coordinates @F [ W™ T(x)W" (y) ] Tr [ TAWF(x) T°WFT(y) W4,(2)
fundamental Wilson lines be equal in amplitude and complex

X Tr[WFT(y) TAWF(x) T°], (B5)

conjugate amplitud€24]. The use of Eq(B4) will allow us _ i A A i A A E A

to circumvent explicit diagrammatic calculations. " 2N Wap(2) Wab(X) + 2N Wap(2)Wab(y) + 4Wab(z)
Using the Fierz identitiegB4), one can simplify, e.g., the A A ) )

following contributions to different DIS observables given in XWeg(Y) Wei(X) (dace™ i ace) (dpar+ifpar),  (B7)

Appendix A:

Tr[WF (y) TAWF () TP IWa,(2) Tr [WFT(X)T;WF(Y)TE]W%(?)

1 A A N 1 A A NWNA R ;
= 4N2Wab(Z)Wab(Z)+ 8NWab(Z)ch(Z)Wef(y)(dace+|face)(ddbf+|fdbf)
1 A A NN A ; ; 1 A A NN A A
+ 8N Wab(Z)ch(Z)Wef(X)(daec+|faec)(ddfb+ Ifdfb) + 1_6Wab(Z)ch(Z)Wef(X)Wgh(y)

2 : : 2 : :
X N 6ae50g+ (daem+ 'faern)(dcgm+ |fcgm)} [N 5fb5hd+ (dfbn+ if fbn)(dhdn+ Ifhdn) i (88)

APPENDIX C: TARGET AVERAGES In this way, one obtains, e.g., for the average of two funda-

To perform medium averageg- - -)) over products of mental or adjoint Wilson fines

fundamental or adjoint Wilson lines, we expand the Wilson

lines locally for each longitudinal position up to second order 1

in the color potential. For the last positighof the Wilson <<NTF[WFT(X)WF(Y)]>>
lines, one expands, e.g.,

1
c =<<NTr[VF*(X)VF(y)]>>
W{;‘b(z):v{:bl(z)( Sp b~ A%(£,2) 2290~ §6b1b8<§,0>) ,

(Cl) X{l_CF[B(f,O)— B(f:X_Y)]}
=exf — Crv(x—y)], (C4
. Cr
WF(z):vF(z)( 1+iA9(&,2)T9— 7B(g,O)). (C2
L (TEWA ) WA ),
Here, VA and V" denote the Wilson lines up to the last po- -1

sition &. Also, we have anticipated that in the medium aver-
ages color fields are expanded only up to second order lo-
cally in the longitudinal direction:

=exg —Cav(x—y)]. (CH

Here, the last line is obtained by reexponentiation with the
((A%(&2)A°(£,2)))=6""B(¢,2-2').  (C3)  help of
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As soon as color octets propagate along the products of Wil-
v(X)=J dé[B(£,00—B(£,X)]. (C6)  son lines, the calculations can become more involved. For
the combinations of symbols
More complicated averages can be obtained in the same way:
i ’ g Fota, = Fo,nofa;nds (C
Ft a\n/F b
(W, b(X)Tr[W (V) TAWH( T m which appear in the averaged Wilson lines, it is useful to
_ V X) T VFT(y) TaVF (y) TP observe that both singlet and octet structures are eigenstates
C — _
x| = S [B(£,0)+B(£y—Y) ~B(£Yy—X) P50, 86a=Cadby,» (C9)
) Fo foar= S (C10
—B(&,y—x)]-Cg[B(£,00-B(£,y—Yy)] b,d; "bdf™ "5 Tbyd,f>
2_ — — C
_N 5 1e(—cAfz)[v(x—y>+v<x—y)]—(cp—cAlz)v(y—y)_ fgfdldbdf: 7Adb1dlf_ (C11)

(C7) For an average of three Wilson lines, this leads to

(daceif ace)((Wap(2) Wea(Z)WEH(Y))) (dpas—if par)
3 _
= (dace if ace)((Vap,(2) vcdl<z>vefl<y>>>[—ECAB<§,0>5blbadld5f1f+B(g.z—z>fﬁfd15f1f
+B(E.Z—Y)fgifﬁdld*”3(5,?—y)fgifl5blb}(dbdf—ifbdf)

= (dace—iface)((Vap,(2) Vcdl(Z)Vefl(Y)>>(dbld1fl_ifbldlfl)

3C, Ca _ Ca Ch  —
TB(&O)JF 7B(§,Z—Z)+ 7B(§,Z—Y)+ 75(5,2—)’)}

=(N?-1)

4 Ca _ _
2N—N)exr{—7[U(Z—Z)+v(2—y)+v(2—y)]}- (C12

More complicated is the average over the four adjoint Wilson lines given in(E®). Again, we expand the Wilson lines
according to Eq(CY):

(WA 2) W2 D)W X)W (y))) = ((Var 2V DV ad VoY) MG (C13

We introduce the shorthand

Ra=—v(z=X)—v(z=y), Ry=-v(x-y). (C14
One eigenstate d¥1} 57 is rather easily checked:
Mgg?r?(ffbndhdn+dfbnfhdn):Ra(feandgcn+ deanfgcn)- (C15)

To find the other eigenstates bf;gs°, we introduce the vectors

U= 5ea5gc’ U= 5ca5gev Us= 5ga5e0v (C19
Ulzfeanfgcna UZchanfgena U3:fganfecn1 (C1y
ledeandgcnv W2:dcandgenr W3:dgandecn- (C19

Color algebra implies the identities
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2

v1=N(u2—u3)+W2—W3, (C19
2

UZZN(UI_US)_I'Wl_WSv (C20
2

vazﬁ(uz_ul)"‘Wz_Wl- (€21

In the six-dimensional space, given by the vectars,(,,uUs,w;,W,,Ws3), one finds by explicit calculation that the matrix
Mpats acts like(usingRy=R,— R,)

2
2 N 2 4 0
NRd Ry NR" Ry W_l Ry ﬁ_l
2 R 0 NR R 4 1) 0 0
— Ry 5 ol ——
N N? (C22
N 2 N
O O Rd Z(3Ra+ Rb) O d N— Z
R 0 R R 2 N} N R 4R R 2 N
d d d N~z 7(RatRo) AN~ 7
2 N N
Rd 0 0 d N— Z 0 Z(gRa“l‘ Rb)
To calculate the average in E@8), we have to propagate the vector
2 2
N5fb5hd+dfbndhdn_ffbnfhdn = U u2t U3) +W;—Wp+Ws. (C23

Finding the eigenvectors and eigenvalues of @22 with the help ofMATHEMATICA , decomposing the vectd€23) in terms
of the eigenvectors of EqC22) and reexponentiating the obtained expressions, we find

1 2 ) . 2 . .
1_6<<W2b(Z)Wé‘d(z)wéf(x)wéh(y)»{N 5ae£cg+ (daem+ |faem)(dcgm+ |fcgm)} {N 5fb5hd+ (dfbn+ |ffbn)(dhdn+ Ifhdn)

_ 2 2_ _ 2
i NRb+(N D(N+3)N eNRa+Ra—Ry 4 N 1eN/2(Ra+Rb)+(N+1)(N 3N eNRa~Ra+Ry

4N? 16 N2 16

+ e"fa, (C249

This enters the calculation of the probabillﬂ&?ﬁ*qag) in Eqg. (4.15 and the diffractive evolution equatid.9).
Finally we present averaged expressions for the single differential quark cross sections, obtained fi&h3IEgH17) by

takingy=y:
daﬁg

5 :f dx dy dx P9 (1+ e~ Crox—X _ g=Cru(x-y) _ g=Cro(x-¥)y (C25
p
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q9
dUd'ﬁ

dp

NZ—

+

L e~ CAI (=)o)~ (Cr—CaDoly—9) 1.1 |

PHYSICAL REVIEW D 64 114002

ff_ f dx dy dy el p(y—%( ie—cpv(?—w — e Cro(x-y) _ g~ Ceo(x-y)
N2

(C26
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